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E-mail addresses: yuhongjun@hit.edu.cn (H. Yu), wAn interaction (energy) integral is derived for the computation of mixed-mode stress intensity factors
(SIFs) in nonhomogeneous materials with continuous or discontinuous properties. This method is based
on a conservation integral that relies on two admissible mechanical states (actual and auxiliary ﬁelds). In
general, the interaction energy contour integral is converted into an equivalent domain integral in
numerical computations. It can be seen from the equivalent domain integral, the integrand does not
involve any derivatives of material properties. Moreover, the formulation can be proved valid even when
the integral domain contains material interfaces. Therefore, it is not necessary to limit the material prop-
erties to be continuous for the present method. Due to these advantages the application range of the
interaction integral method can be greatly enlarged. The numerical implementation of the derived
expression is combined with the extended ﬁnite element method (XFEM). Using this method, the inﬂu-
ences of material properties on the mixed-mode SIFs are investigated for four types of material properties
selected in this work. Numerical results show that the mechanical properties and their ﬁrst-order deriv-
atives can affect mode I and II SIFs greatly, while the higher-order derivatives affect the SIFs very slightly.
 2009 Elsevier Ltd. All rights reserved.1. Introduction materials, both J and J are the (potential) energy release rates. RiceComposite materials have been applied in many ﬁelds to
withstand highly severe conditions such as aircraft fuselages and
chemical activators. Recently, many composite materials and
structures have been designed and produced with nonhomogene-
ous properties. Fracture is a common failure mode for those nonho-
mogeneous materials and structures in service, and the numerical
technique is one of the most convenient and reliable methods to
determine the fracture parameters.
Among the available numerical methods, J contour integral
(Rice, 1968) has generated a great interest for its convenience in
solving the parameters characterizing crack-tip ﬁelds. The contour
integral has been proved to be a conservation integral for homoge-
neous materials. The contour integrals and their associated domain
formulations have been investigated by Moran and Shih (1987a,b).
Eischen (1987) proved that for nonhomogeneous materials with
continuous and generally differentiable properties, the stress and
strain singularity near a crack tip is identical as the well-known
inverse square root stress singularity in homogeneous materials.
Subsequently, a modiﬁed integral J1 (Eischen, 1987) and a path-in-
dependent Je-integral (Honein and Herrmann, 1997) were intro-
duced for nonhomogeneous materials. Jin and Sun (2007) provided
a mathematically rigorous proof that for nonhomogeneousll rights reserved.
fax: +86 451 86402386.
lz@hit.edu.cn (L. Wu).1 e
(1988) and Hutchinson and Suo (1992) conducted a lot of investiga-
tions on the interface crack, and Smelser and Gurtin (1977) proved
J-integral to be still path-independent for a straight interface crack.
In order to obtain mode I and mode II stress intensity factors
(SIFs) separately, an interaction (energy) contour integral method
(Stern et al., 1976; Yau et al., 1980) is derived from the J-integral
by considering a composition of two admissible states (the actual
ﬁelds and known auxiliary ﬁelds). Wang et al. (1980) introduced
this method to further study two-dimensional mixed-mode crack
problems in rectilinear anisotropic solids. For the convenience of
numerical calculations, Nakamura (1991) used an equivalent do-
main integral of the interaction integral to evaluate mixed-mode
SIFs along straight three-dimensional interface cracks. The same
method was employed to deal with curved three-dimensional
interface crack problems (Nahta and Moran, 1993; Gosz et al.,
1998). Gosz and Moran (2002) developed the interaction integral
method for nonplanar three-dimensional crack problems. Subse-
quently, Dolbow and Gosz (2002) introduced the interaction inte-
gral method to compute mixed-mode SIFs for two-dimensional
crack problems in functionally graded materials (FGMs) which
are the nonhomogeneous materials with properties varying con-
tinuously. In comparison with modiﬁed J-integral for nonhomo-
geneous materials, they found that the interaction integral is
more convenient since it does not require the evaluation of strain
energy densities along the traction-free crack faces. For isotropic
FGMs, Kim and Paulino (2003) computed the mixed-mode SIFs
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Fig. 1. Schematic illustration of the contour integrals and related equivalent
domain integrals. Domain A0 is enclosed by C0 and C0 ¼ C1 þ Cþc þ C þ Cc .
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nation with the ﬁnite element method (FEM). Rao and Rahman
(2003) employed the method to analyze mixed-mode crack prob-
lems in orthotropic FGMs. Kim and Paulino (2005) gave a summary
on three deﬁnitions of the auxiliary ﬁelds and discussed how to ex-
tract mixed-mode SIFs and T-stress for isotropic and orthotropic
FGMs, respectively. Using the method, Walters et al. (2006) con-
ducted an investigation in the mixed-mode fracture problems for
three-dimensional nonhomogeneous materials. Krysl and
Belytschko (1999) utilized the interaction integral method in con-
junction with the element-free Galerkin method to investigate
three-dimensional stationary and dynamically propagating crack
problems. Song and Paulino (2006) used the approach to evaluate
the dynamic SIFs for both homogeneous and nonhomogeneous
materials. Johnson and Qu (2007) extended the interaction integral
to calculate the SIFs of three-dimensional curvilinear cracks in a
homogeneous body or on a bimaterial interface under nonuniform
temperatures. KC and Kim (2008) gave the ﬁnite element evalua-
tion of the nonsingular T-stress and mixed-mode SIFs in nonhomo-
geneous materials under steady-state thermal loads by the
interaction integral approach. Based on full-ﬁeld measurement
using digital image correlation and an interaction integral, Réthoré
et al. (2005) presented a technique for the experimental measure-
ment of the SIFs under mixed-mode loading.
Most of the previous work is concerned with the materials with
continuous and differentiable properties. Moreover, very few pub-
lished papers have considered the inﬂuence of different types of
interfaces on the SIFs. Actually, there exist more or less material
interfaces in various nonhomogeneous composite materials, espe-
cially, in particulate reinforcedcompositematerials (PRCMs). It is of-
ten found that although the PRCMs can signiﬁcantly improve the
strength, stiffness and wear resistance of structures (Leggoe et al.,
1996), their fracture properties are not improved and, on the con-
trary, the fracture toughness may be signiﬁcantly lower than that
of the matrix material (Yang and Li, 2004). Therefore, the material
interfaces have to be taken into account if the fracture performance
of these composites must be concerned. In addition, FGMs have
many advantages that make them attractive in potential applica-
tions, such as the improvement on residual stress distribution and
mechanical durability, while in fact, FGMs are also two- or multi-
phase particulate composites in which material composition and
microstructure vary spatially (Rahman and Chakraborty, 2007) or
the volume fraction of particles varies in one or several directions
(Birman and Byrd, 2007). Therefore, in certain scales, we have to
investigate the material interfaces when we examine the fracture
performance of FGMs.
The outline of this paper is as follows. The derivation of an
interaction integral and its associated domain form without any
derivatives of material properties is presented in Section 2. Section
3 gives the mathematically rigorous proof that the interaction inte-
gral method is still valid when there are material interfaces in the
integral domain. Section 4 describes the method to extract the
mixed-mode SIFs. Section 5 describes an extended ﬁnite element
method (XFEM) and then, the numerical discretization of the inter-
action integral is given. Section 6 presents several numerical exam-
ples. First, two fracture problems are analyzed to verify the
accuracy of the numerical method. Then, the convergence of the
XFEM and the interaction integral is investigated. Next, we study
the inﬂuence of material continuity on the SIFs by selecting four
types of material properties. Finally, a summary and some conclu-
sions are provided in Section 7.
2. Interaction integral
In this section, we will derive the interaction integral for
extracting mixed-mode SIFs at the crack tips. Throughout thiswork, our attention is restricted to plane problems, the material
is limited to linear-elastic and small strain kinematics is assumed.
Since the interaction integral is derived from the J-integral
(Rice, 1968) for two admissible states (actual and auxiliary ﬁelds),
the auxiliary ﬁeld is discussed ﬁrst.
2.1. The auxiliary ﬁelds
To extract the mixed-mode SIFs, the auxiliary ﬁelds used in the
interaction integral have several alternative choices. Here, an
incompatibility formulation (Kim and Paulino, 2005) is selected
and the detailed deﬁnitions (uauxi , rauxij and eauxij ) are given in Appen-
dix A.
To facilitate the following description, an extra strain ﬁeld is
deﬁned as
eaux0ij ¼ Stipijklrauxkl ði; j; k; l ¼ 1;2Þ ð1Þ
where Stipijkl is a compliance tensor at the crack tip. As shown in Fig. 1,
the indices i, j, k and l denote the components of a variable in local
coordinate system originating at the crack tip. The repetition of an
index in a term denotes a summation with respect to that index
over its range. According to the deﬁnitions of the auxiliary ﬁelds
in Appendix A, the strains eaux0ij satisfy the equation
eaux0ij ¼ uauxi;j þ uauxj;i
 
=2 ð2Þ
where a comma denotes a partial derivative with respect to the
coordinates.
2.2. Interaction energy contour integral
As shown in Fig. 1, the standard J-integral given by Rice (1968)
is
J ¼ lim
C!0
Z
C
ðWd1i  rijuj;1Þni dC ð3Þ
where W ¼ 12rijeij ¼ 12Cijkleijekl ¼ 12Sijklrijrkl is the strain energy den-
sity, the symbol dij is Kronecker delta, ni is the unit outward normal
vector to the contour C, and Cijkl and Sijkl are the stiffness and com-
pliance tensors, respectively. When the crack faces are assumed to
be traction-free, Kim and Paulino (2003) proved that
J ¼ lim
C!0
I
C0
ðrijuj;1 Wd1iÞmiqdC ð4Þ
Here, C0 ¼ C1 þ C þ Cþc þ Cc , where C is the opposite integral
path of C; mi is the unit outward normal vector to the contour C0
and therefore, mi = ni on C; q is an arbitrary weight function with
values varying smoothly from 1 on C to 0 on C1.
According to Kim and Paulino (2005), the interaction integral I,
the interactional part of the superimposed load of the actual ﬁeld
and the auxiliary ﬁeld, can be obtained
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C!0
I
C0
rauxij uj;1 þ rijuauxj;1 
1
2
rauxjk ejk þ rjkeauxjk
 
d1i
 
miqdC ð5Þ
According to the deﬁnitions of the auxiliary ﬁelds in Appendix A, it
can be noted that rijeauxij ¼ CijklðxÞekleauxij ¼ rauxkl ekl. Therefore, Eq. (5)
can be simpliﬁed as
I ¼ lim
C!0
I
C0
rauxij uj;1 þ rijuauxj;1  rauxjk ejkd1i
 
miqdC ð6ÞΓ
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Fig. 2. An integral domain A cut by a bimaterial interface Cinterface. Domains A, A1
and A2 are enclosed by C0, C01 and C02 for C? 0. Here A¼A1þA2; C0¼
C1þC þCþc þCc ; C01¼C11 þ CinterfaceþC13þCþc þC þCc and C02¼C12 þ Cinterface .2.3. Domain form of the interaction integral
Generally, the contour integral is converted into an equivalent
domain integral to avoid the potential source of inaccuracy in
numerical calculations (Moran and Shih, 1987a,b). The material
properties are assumed to be continuous in the domain enclosed
by the contour C0. Let A0 and A denote the domains enclosed by
the contours C0 and C1, respectively. Taking the limit C? 0 leads
to A0? A. By applying divergence theorem to Eq. (6), one obtains
the equivalent domain integral
I ¼
Z
A
rauxij uj;1 þ rijuauxj;1  rauxjk ejkd1i
 
q;i dA
þ
Z
A
rauxij uj;1 þ rijuauxj;1  rauxjk ejkd1i
 
;i
qdA
¼ Ih þ Inonh ð7Þ
The form of the ﬁrst integral Ih in Eq. (7) is same as that for homog-
enous materials. The second term Inonh can be expanded as
Inonh¼
Z
A
rij;iuauxj;1 þrauxij;i uj;1þrijuauxj;i1 þ rauxij uj;i1rauxij eij;1rauxij;1 eij
 
qdA
ð8Þ
Here, the equilibrium of stresses without body forces leads to
rij;iuauxj;1 ¼ 0 and rauxij;i uj;1 ¼ 0, and the symmetry of the auxiliary
stress tensor leads to rauxij uj;i1  rauxij eij;1 ¼ 0. Hence, Inonh can be sim-
pliﬁed as
Inonh ¼
Z
A
rijuauxj;i1  rauxij;1 eij
 
qdA ð9Þ
Substituting Eqs. (9) into Eq. (7), the interaction integral I can be
written as
I ¼
Z
A
rauxij uj;1 þ rijuauxj;1  rauxjk ejkd1i
 
q;i dA
þ
Z
A
rijuauxj;i1  rauxij;1 eij
 
qdA ð10Þ
It should be noted that Kim and Paulino (2005) derived the
same expression as Eq. (10) by assuming the material properties
to be exponential functions. In this paper, it is proved that Eq.
(10) is valid for the material with arbitrarily continuous properties.
(Actually, it can be proved that Eq. (10) is still valid for discontin-
uous material properties in the following part.) Considering the
symmetry of rij and using Eqs. (1) and (2), the ﬁrst integrand in
Eq. (9) can be written as
rijuauxj;i1 ¼ rij
1
2
ðuauxj;i1 þ uauxi;j1 Þ ¼ rijeaux0ij;1 ¼ rij Stipijklrauxkl
 
;1
¼ rijStipijklrauxkl;1 ð11Þ
Substituting eij = Sijkl(x)rkl and Eq. (11) into Eq. (10), we have
I ¼
Z
A
rauxij uj;1 þ rijuauxj;1  rauxjk ejkd1i
 
q;i dA
þ
Z
A
rij Stipijkl  SijklðxÞ
h i
rauxkl;1qdA ð12ÞIn order to show the advantages of Eq. (12), we will compare it
with the traditional J-integral. The J-integral in the form of the stiff-
ness can be expressed as (Dolbow and Gosz, 2002)
J ¼
Z
A
ðrijuj;1 Wd1iÞq;i dA
Z
A
1
2
eijCijkl;1eklqdA ð13Þ
It can be observed that Cijkl,1eijekl = rij,1eij  eij,1rij = rijSijkl,1rkl and
thus, the J-integral can be expressed in the form of the compliance
J ¼
Z
A
ðrijuj;1 Wd1iÞq;i dAþ
Z
A
1
2
rijSijkl;1rklqdA ð14Þ
From Eqs. (13) and (14), it can be found that the derivatives of
material properties (Cijkl,1 or Sijkl,1) exist unavoidably in the tradi-
tional J-integral. Differently, the interaction integral (Eq. (12)) does
not involve any derivatives of material properties. Therefore, the
interaction integral does not need the material properties to be dif-
ferentiable. Since it may be difﬁcult to obtain the derivatives of
material properties or there are no derivatives in many actual cases,
the applicable range of the present interaction integral is wider than
that of the traditional J-integral for nonhomogeneous materials.
3. Material discontinuities (or interfaces) in the interaction
integral
From the above section, it is shown that the interaction integral
method does not need the nonhomogeneous material properties to
be differentiable. However, the material properties are still re-
quired to be continuous in the above derivation. In this section,
we will discuss whether this continuity condition of material prop-
erties is necessary in the interaction integral method.
3.1. Domain form of the interaction integral for discontinuous
materials
As shown in Fig. 2, there is a bimaterial interface Cinterface in the
domain enclosed by the integral contour C0 and the interface is as-
sumed to be perfectly bonded. Thus, the domain A (the domain in
C0 when C? 0) is divided by Cinterface into two parts, i.e., A1 and A2
which are enclosed by the contour C01 and C02, respectively. As a
result, A ¼ A1 þ A2; C01 ¼ C11 þ Cinterface þ C13 þ Cþc þ C þ Cc and
C02 ¼ C12 þ Cinterface. In this condition, Eq. (6) can be rewritten as
I ¼ lim
C!0
I
C01
rauxij uj;1 þ rijuauxj;1  rauxjk ejkd1i
 
miqdC
þ
I
C02
rauxij uj;1 þ rijuauxj;1  rauxjk ejkd1i
 
miqdCþ Iinterface ð15Þ
where Iinterface is a line integral along the interface with the expres-
sion shown below
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Z
Cinterface
rauxij uj;1 þ rijuauxj;1  rauxjk ejkd1i
 s
miqdC
þ
Z
Cinterface
rauxij uj;1 þ rijuauxj;1  rauxjk ejkd1i
 r
miqdC ð16Þ
Here, the variables or expressions on the interface marked by the
superscripts r and s means that they belong to the domains A1
and A2, respectively. By applying divergence theorem to the ﬁrst
and second integrals in Eq. (15), respectively, we have
I ¼
Z
A
rauxij uj;1 þ rijuauxj;1  rauxjk ejkd1i
 
q;i dA
þ
Z
A
rij Stipijkl  SijklðxÞ
h i
rauxkl;1qdAþ Iinterface ð17Þ
The value of Iinterface will be given in the following part.
3.2. Interface integral Iinterface
Fig. 3(a) shows a curved bimaterial interface Cinterface with a
certain distance to the crack tip. For one point p, if a point q on
the interface is closest to it, the curvilinear coordinates of the point
p can be deﬁned from the following relations (Gosz and Moran,
2002)
n1 ¼ r  n; n2 ¼
Z q
0
dq ð18Þ
where r is the vector from q to p and n is the outward normal vector
to Cinterface at point q. Thus, the coordinate curve n1 is a straight line
parallel to the vector n. The corresponding natural base vectors gi of
the curvilinear coordinate system are deﬁned by
gi ¼
@xk
@ni
ik ði; k ¼ 1;2Þ ð19Þ
where xk are the Cartesian coordinates and ik are the corresponding
base vectors. If we deﬁne the angle from x1-axis to n1-axis as a, we
can obtain from Eq. (18)
@n1
@x1
¼ cosa; @n1
@x2
¼ sina ð20Þ
For convenience, we deﬁne two orthogonal unit base vectors e1 and
e2 by
e1 ¼ g1h1 ; e2 ¼
g2
h2
ð21Þ
where h1 ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃg1  g1p and h2 ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃg2  g2p . It is obvious from above def-
initions that e1 = n and the scale factor h1 = 1 (Gosz and Moran,
2002).Material 1 Material 2 
1ξ
2ξ
α
interface 
interfaceΓ
0 
p 
q 
2e e
r
1x
2x
(a)
Fig. 3. A curvilinear coordinate system originating from the inAccording to the deﬁnitions of auxiliary ﬁelds in Appendix A, it
can be observed that the auxiliary stresses and displacements and
their derivatives are continuous on the interface. Therefore,
(raux)r = (raux)s = raux and @uaux
@x1
 r
¼ @uaux
@x1
 s
¼ @uaux
@x1
. The integral
Iinterface in Eq. (16) can be rewritten in tensor form as
Iinterface ¼
Z
Cinterface
n  raux  @u
@x1
 s
 @u
@x1
 r" #(
þn  ðrs  rrÞ  @u
aux
@x1
 raux : ðes  erÞn1
)
qdC ð22Þ
where n1 = cosa since n1 is the component of n in x1 direction as
shown in Fig. 3(a). According to the equilibrium condition on the
bimaterial interface, the tractions on both sides of the interface
should be equal. That is
rs  n ¼ rr  n ð23Þ
Since the interface is perfectly bonded, the derivatives of actual dis-
placements with respect to the curvilinear coordinate n2 are equal
on both sides of the interface, i.e.,
@u
@n2
 r
¼ @u
@n2
 s
ð24Þ
By the chain rule we can write the ﬁrst integrand in Eq. (22) in
the n1  n2 coordinate system as
n  raux  @u
@x1
 s
 @u
@x1
 r" #
¼ n  raux  @u
@n1
 s
 @u
@n1
 r" #
@n1
@x1
(
þ @u
@n2
 s
 @u
@n2
 r" #
@n2
@x1
)
ð25Þ
Substituting Eqs. (20) and (24) into Eq. (25), one obtains
n  raux  @u
@x1
 s
 @u
@x1
 r" #
¼n  raux  @u
@n1
 s
 @u
@n1
 r" #
cosa
ð26Þ
According to Eq. (23), the second integrand in Eq. (22) is
n  ðrs  rrÞ  @u
aux
@x1
¼ 0: ð27Þ
In order to simplify the third integrand, applying the strain–dis-
placement relations of actual ﬁelds, one obtains1x
2x
crack face 
c
+Γ
c
−Γ
A
+Γ
A
−Γ
1Γ
1
(b)
terface: (a) a material interface; (b) a curved crack face.
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¼ raux : 1
2
ðruþ urÞs  1
2
ðruþ urÞrÞ
 
n1 ð28Þ
where r is the gradient operator expressed by (Gosz and Moran,
2002)
r ¼ e1 1h1
@
@n1
þ e2 1h2
@
@n2
	 

ð29Þ
Since the stress raux is a symmetrical tensor, one obtains
raux : ur ¼ ðrauxÞT : ur ¼ raux : ru ð30Þ
Substituting Eq. (30) into Eq. (28), we have
raux : ðes  erÞn1 ¼ raux : ½ðruÞs  ðruÞrÞn1 ð31Þ
Substituting Eq. (29) into Eq. (31), it gives
raux : ðes  erÞn1
¼ e1  raux  @u
@n1
 s
 @u
@n1
 r( )n1
h1
þ e2  raux  @u
@n2
 s
 @u
@n2
 r( )n1
h2
ð32Þ
The detailed derivations of Eq. (32) are given in Appendix B. Substi-
tuting e1 = n, h1 = 1, n1 = cosa and Eq. (24) into Eq. (32), the third
integrand in Eq. (22) are ﬁnally simpliﬁed as
raux : ðes  erÞn1 ¼ n  raux  @u
@n1
 s
 @u
@n1
 r" #
cosa ð33Þ
Substituting Eqs. (26), (27) and (33) into Eq. (22) yields
Iinterface ¼ 0 ð34Þ
Similarly, the same result will be obtained for the crack faces pen-
etrated by the interface.
3.3. Discussion on the interaction integral
Substituting Eq. (34) into Eq. (17), the same expression as Eq.
(12) is obtained. It implies that Eq. (12) is still valid for nonhomo-
geneous materials with discontinuous properties (or material
interfaces). Namely, the interaction integral method does not re-
quire the material to be continuous and hence, its applicable range
is greatly enlarged. Moreover, compared with the previous forms,
the expression in Eq. (12) can facilitate the numerical implementa-
tion for the materials with complicated material interfaces around
the crack tip since the integral domain can be chosen arbitrarily.
If the crack face in the integral domain A is curved as shown in
Fig. 3(b), the interaction integral can be written as
I ¼
Z
A
rauxij uj;1 þ rijuauxj;1  rauxjk ejkd1i
 
q;i dA
þ
Z
A
rij Stipijkl  SijklðxÞ
h i
rauxkl;1qdAþ Icrackface ð35Þ
where Icrackface is a line integral on the crack faces. According to Gosz
and Moran (2002), we have
Icrackface ¼ 
Z
Cþc þCc þCþAþC

A
rauxij uj;1 þ rijuauxj;1  rauxjk ejkd1i
 
miqdA
ð36Þ
where CþA is a ﬁctitious crack face tangent to the crack tip and C

A is
its opposite path. Taking into account the boundary conditions on
CþA and C

A , Eq. (36) can be simpliﬁed asIcrackface ¼
Z
Cþc þCc
rauxij eijm1 mirauxij uj;1 mirijuauxj;1
 
qdA

Z
CþAþC

A
mirijuauxj;1 qdA ð37Þ
In Eq. (37), if the traction of the actual ﬁeld is free on Cþc and
Cc ; mirijuauxj;1 =0.
It is necessary to point out that the present implementation of
the interaction integral is invalid when the crack tip is just on
the interface or very close to it. If the crack tip is just on the inter-
face or very close to it, the stresses lose the inverse square root sin-
gularity and behave like (Hutchinson and Suo, 1992)
rij  KrsfijðhÞ ð38Þ
where the factor K plays a part analogous to the regular SIF and fij(h)
are dimensionless angular distributions. The singularity exponent s
(0 < s < 1) depends on material elastic mismatch. If deﬁne Rd to be
the ratio of the distance from crack tip to the interface to the crack
length, according to many articles (Erdogan et al., 1974 and Wang
and Chau, 2001), the inverse square root singularity is still valid
for the ratio RdP 0.03 when the crack tip approaches a rigid inclu-
sion. In general, the ratio Rd can be smaller than 0.03 when the
material elastic mismatch is not very large.4. Extraction of the mixed-mode SIFs
For isotropic materials, the relationship between the J-integral
and SIFs is
J ¼ 1
E0tip
K2I þ K2II
 
ð39Þ
where E0tip ¼ Etip for generalized plane stress and E0tip ¼ Etip= 1 m2tip
 
for plane strain. Here, Etip and mtip are the Young’s modulus and the
Poisson’s ratio at the crack tip. Similarly, the interaction integral can
be obtained as (Kim and Paulino, 2003)
I ¼ 2
E0tip
KIK
aux
I þ KIIKauxII
  ð40Þ
By setting KauxI ¼ 1;KauxII ¼ 0 and KauxI ¼ 0;KauxII ¼ 1, mode I and mode
II SIFs can be decoupled using Eq. (40).5. Application of the interaction integral in the XFEM
5.1. Introduction of the XFEM
The extended ﬁnite element method (XFEM) was developed by
Belytschko and Black (1999) and Moës et al. (1999). It is based on
the concept of partition of unity given by Babuška and Melenk
(1997) who introduced the local enrichment functions into stan-
dard displacement-based approximation to characterize the local
features. Therefore, the XFEM allows the discontinuous bound-
aries, such as cracks or material interfaces, to be independent of
the mesh.
In order to describe the discontinuous interfaces, the following
signed distance function (Belytschko et al., 2001) is introduced by
faðxÞ ¼min
x2Ca
kx xksignðnþ  ðx xÞÞ ð41Þ
where x is a point in the domain X; x is a point on the discontinu-
ous surface Ca; Ca is Cc or Cp; n+ is an unit outward normal vector
to the surface as shown in Fig. 4. According to the signed distance
function (Eq. (41)), we adopt the approximation of the displacement
u(x) as
uΓ
tΓ
cΓ pΓ
x
x
Ω
Fig. 4. Illustration of different discontinuous interfaces in a domain X.
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X
I2D0
NIðxÞuI þ
X
J2D1
NJðxÞbJuJðxÞ þ
X
K2D2
NKðxÞcKwKðxÞ
uJðxÞ ¼ jfaðxÞj  jfaðxJÞj; wKðxÞ ¼ HðfaðxÞÞ  HðfaðxKÞÞ
ð42Þ
Here NI(x) is the standard ﬁnite element shape function; uJ(x) and
wK(x) are the shifted enrichment functions for material interfaces
and cracks, respectively; uI is the nodal displacement; D0 is the
set of all nodes in mesh; D1 and D2 are the sets of the nodes en-
riched with uJ(x) and wK(x), respectively; bJ and cK are the addi-
tional degrees of freedom for the nodes in D1 and D2, respectively.
More details can be found in Belytschko et al. (2001) and Zi and
Belytschko (2003) and of course, there are some other choices for
the enrichment functions (Moës et al., 2003; Menouillard et al.,
2006). In order to improve the numerical precision, the mesh
around the crack tip is reﬁned as shown in Fig. 5(a).
Compared with the XFEM using near-tip functions, the present
XFEM does not need to obtain the near-tip functions by analytical
approach. Thus, the method can easily be applied to the problems
in which the analytical expressions of crack-tip ﬁelds are difﬁcult
to obtain.
5.2. Numerical discretization of the interaction integral
In order to employ the interaction integral method in the XFEM,
Eq. (12) should be discretized as
I ¼
XeA
e¼1
Xpe
p¼1
ðrauxij uj;1 þ rijuauxj;1  rauxjk ejkd1iÞq;i
n
þrij Stipijkl  SijklðxÞ
h i
rauxkl;1q
o
p
jJjpwp ð43Þ(a) 
inclusion 
crack refined mesh 
nodes in D2 nodes in D1
Fig. 5. An edge crack and an elliptical inclusion placed on a mesh: (a) ﬁnite elementHere, eA is the number of elements in the integral domain A; pe is
the number of integration points in one element; |J|p represents
the determinant of Jacobian matrix; wp is the corresponding weight
factor at the integration point p. The derivatives of the actual dis-
placements can be obtained from Eq. (42)
ui;1 ¼
X
I2D0
uIiNI;1 þ
X
J2D1
bJiðNJ;1uJ þ NJuJ;1Þ þ
X
K2D2
cKiNK;1wK ð44Þ
Since wK are constants for all integration points and hence, wK,1 = 0.
For nonhomogeneous materials, actual material properties at
integration points are adopted when the element stiffness matrix
is formed (Yu et al., 2007). For all examples in this paper, we use
3  3 Gauss quadrature for the standard elements. For elements
cut by the crack, we use the technique (Moës et al., 1999) which
consists of separately integrating on each side of the crack using
a decomposition of the elements into sub-triangles. Four-point
integration rule is adopted on each sub-triangle. For the elements
containing discontinuous material interfaces, we employ the inte-
gration strategy given by Elguedj et al. (2006): each element is di-
vided into 3  3 sub-domains and 3  3 Gauss quadrature is used
in each sub-domain. Thus, there are 81 integration points in one
of such elements. Fig. 5(b) shows the integration points for differ-
ent elements.
6. Numerical examples and discussions
In order to demonstrate the accuracy of the numerical tech-
nique and verify the convergence of the XFEM and the interaction
integral method, we will ﬁrst present several numerical examples.
Then, our attention will be focused on the inﬂuences of the mate-
rial continuity on the mixed-mode SIFs.
6.1. Veriﬁcation of the numerical method
The interaction integral method combined with the XFEM given
in the above section is applied to solve two fracture problems for
the materials with continuous nonhomogeneous properties and
discontinuous properties, respectively. The results are compared
with those from published articles to verify the accuracy of the
method.
6.1.1. Example 1: mixed-mode crack problem for nonhomogeneous
materials with continuous properties
A two-dimensional functionally graded plate with length L and
width W is shown in Fig. 6(a) containing an interior inclined crack(b) 
inclusion 
integration points 
crack 
mesh and reﬁned mesh around crack tip; (b) distribution of integration points.
)b()a(
)d()c(
L=
10
0 
W=100 
1
1 0( ) e xE x E β=
0.3ν =
1
1 0( ) xx eβσ σ=
θ
2a
1x
2x
integral domain 
Fig. 6. A nonhomogeneous material plate with an inclined crack: (a) geometry and boundary conditions; (b) complete ﬁnite element mesh; (c) reﬁned mesh around crack
tips; (d) integral domain to compute the interaction integral.
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inﬁnite plate with such a conﬁguration was investigated by Konda
and Erdogan (1994). For all examples in this paper, the tension load
r(x1) is applied along the top edge of the plate and the displace-
ment boundary conditions are prescribed such that u2 = 0 along
the bottom edge and u1 = 0 for the node at the left-hand side.
The Young’s modulus is an exponential function of x1 and the Pois-
son’s ratio m is constant. The following data are used for numerical
analysis: L =W = 100; a/W = 0.01; Eðx1Þ ¼ E0ebx1 ; b = 0.25;Table 1
Normalized SIFs for a plate with an inclined crack under tension (Example 1: Eðx1Þ ¼ E0eb
h=p Present results (a/W = 0.01)
KIðaÞ=K0 KIIðaÞ=K0 KIðaÞ=K0 KIIðaÞ=K0
0 0.8186 0 1.1928 0
0.1 0.7444 0.2523 1.0776 0.3208
0.2 0.5444 0.4199 0.7769 0.5152
0.3 0.2893 0.4347 0.4123 0.5042
0.4 0.0743 0.2805 0.1192 0.3033
0.5 0 0 0 0E0 = E(x1 = 0) = 1; m = 0.3; rðx1Þ ¼ r0ebx1 ; r0 = r(x1 = 0) = 1; h/p =
(0,0.1,0.2,0.3,0.4,0.5); generalized plane stress.
Fig. 6(b) and (c) shows the mesh conﬁguration. Eight-node
quadrilateral (Q8) elements are used over most of the mesh. Since
the stress ﬁeld exhibits an inverse square root singularity in this
problem, six-node quarter-point (T6qp) singular elements are em-
ployed to improve the accuracy. The mesh consists of 2337 Q8 and
24 T6qp elements, with a total of 2361 elements and 7122 nodes.
Without special statement, in this paper, four-layer elementsx1 ; b ¼ 0:25; m ¼ 0:3; r22ðx1Þ ¼ r0ebx1 ; K0 ¼ r0
ﬃﬃﬃﬃﬃﬃ
pa
p Þ.
Konda and Erdogan (1994) (a/W? 0)
KIðaÞ=K0 KIIðaÞ=K0 KIðaÞ=K0 KIIðaÞ=K0
0.825 0 1.196 0
0.750 0.254 1.081 0.321
0.548 0.422 0.781 0.514
0.290 0.437 0.414 0.504
0.075 0.282 0.121 0.304
0 0 0 0
inclusion 
crack 
L=
10
0 
W=100 
0σ
1x
2x
2a
R 
a 
b 
1 1,E v
2 2,E v
(a) (b) 
(c) (d) 
inclusion 
crack 
Fig. 7. A plate with a horizontal crack in the neighborhood of a circular rigid inclusion subjected to far ﬁeld tension: (a) geometry and boundary conditions; (b) complete
ﬁnite element mesh; (c) the mesh around crack and inclusion; (d) the mesh around the left crack tip.
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tion integral as shown in Fig. 6(d). The SIFs are normalized by
K0 ¼ r0
ﬃﬃﬃﬃﬃﬃ
pa
p
.
The comparison between the normalized SIFs computed by Eq.
(12) and the analytical solution from Konda and Erdogan (1994) is
shown in Table 1. It can be found that the relative errors for all SIFs
are within 1.5%. Excellent agreement demonstrates that the pres-
ent method is valid for the fracture problem of nonhomogeneous
materials with continuous properties.6.1.2. Example 2: the fracture problem for materials with
discontinuous properties
Fig. 7(a) shows a two-dimensional plate of length L and width
W with a horizontal crack of length 2a in the neighborhood of a
circular inclusion of radius R. The problem of an inﬁnite plate with
such a conﬁguration was investigated by Wang and Chau (2001).
The inclusion is offset by a distance of b horizontally and cvertically from the origin which coincides with the center of the
crack. E1 and E2 are the Young’s moduli of the matrix and the inclu-
sion, and m1 and m2 are the corresponding Poisson’s ratios, respec-
tively. The following data are used for numerical analysis:
L =W = 100; a/W = 0.01; b/a = (2.8,3,4,6,8,10); R = 2a; E1 = 1; E2/
E1 = 104; m1 = m2 = 0.35; r(x1) = r0 = 1; K0 ¼ r0
ﬃﬃﬃﬃﬃﬃ
pa
p
; generalized
plane strain. The mesh conﬁgurations are shown in Fig. 7(b)–(d).
The mesh consists of 2337 Q8 and 24 T6qp elements with a total
of 2361 elements and 7122 nodes.
The comparison between the normalized SIFs and those re-
ported by Wang and Chau (2001) is given in Table 2. It can be ob-
served that the relative errors of the mode I SIFs are all within 2%
compared with those of Wang and Chau (2001). Compared with
the mode I SIFs, the mode II ones are very small and especially,
the mode II ones can be omitted when b/a = 10. The relative errors
of the mode II SIFs are all within 6% except for b/a = 10. That means
the interaction integral method is valid for the materials with dis-
continuous properties.
Table 2
Normalized SIFs for a plate with a crack and an inclusion under far ﬁeld tension r0 (Example 2: a=W ¼ 0:01; R ¼ 2a; K0 ¼ r0
ﬃﬃﬃﬃﬃﬃ
pa
p Þ.
b=a Present results (E2/E1 = 10000,m = 3.5) Wang and Chau (2001) (E2/E1 =1,m = 3.5)
KIðaÞ=K0 KIIðaÞ=K0 KIðaÞ=K0 KIIðaÞ=K0 KIðaÞ=K0 KIIðaÞ=K0 KIðaÞ=K0 KIIðaÞK0
2.8 0.4688 0.1794 0.7641 0.0668 0.4603 0.1718 0.7626 0.0708
3.0 0.5908 0.0652 0.8011 0.0711 0.5810 0.0636 0.7995 0.0733
4.0 0.8174 0.0671 0.9065 0.0568 0.8199 0.0661 0.9068 0.0560
6.0 0.9505 0.0373 0.9687 0.0255 0.9506 0.0368 0.9684 0.0252
8.0 0.9785 0.0179 0.9844 0.0129 0.9787 0.0173 0.9842 0.0125
10 0.9877 0.0101 0.9903 0.0076 0.9878 0.0091 0.9901 0.0069
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Fig. 8. A nonhomogeneous plate with an edge crack of length a under tension load: (a) geometry and boundary conditions; (b) ﬁnite element mesh; (c) Young’s modulus.
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In order to verify the present method, some examples are given
to verify the convergence.
6.2.1. Example 3: the convergence of the XFEM
Fig. 8(a) shows a nonhomogeneous plate of length L and width
W with an edge crack of length a and Fig. 8(b) shows the corre-
sponding mesh conﬁguration. The same problem has been investi-
gated by Eischen (1987) and Menouillard et al. (2006). As shown in
Fig. 8(c), The Young’s modulus varies as a hyperbolic tangent func-
tion of the coordinate x1. The following data are used for numerical
analysis: L = 2; W = 1; a/W = 0.4; E(x1) = E0  tanh(bx1); E0 = 2;
b = (0,5,10,50); m = 0.3; r ¼ eEðx1Þ; e ¼ 1; K0 ¼ eEð0:4Þ
ﬃﬃﬃﬃﬃﬃ
pa
p
; gen-
eralized plane strain.
As shown in Fig. 8(b), Nrr denotes the element number in each
wedge-shaped domain around the crack tip, and N1 and N2 denote
the element numbers in x1 direction and x2 direction, respectively.
Two cases will be discussed.
First, let us keep Nrr = 10 and consider the variation of total ele-
ment number N1  N2. Take N1  N2 to be 4  7, 8  15, 16  31,Table 3
Normalized SIFs KI/K0 for a plate with an edge crack under tension (Example 3: a=W ¼ 0:
b Present results (KI/K0 for mesh N1  N2)
4  7 8  15 16  31 32  63
0 2.1228 2.1196 2.1152 2.1117
5 2.3139 2.3076 2.3010 2.2963
10 2.5976 2.5879 2.5793 2.5734
50 3.3409 3.2535 3.2316 3.221432  63 and 64  127, sequentially. The convergence of the inter-
action integral will be examined in the following part and here,
four-layer elements around the crack tip are still adopted to be
the integral domain.
Table 3 lists the normalized SIFs KI/K0 for different N1  N2. The
results show that the SIFs nearly have no variation when N1  N2
increase from 32  63 to 64  127 and the variations of the SIFs
are all within ±0.05% for all the values of b. For each b, the SIF con-
verges towards a stable value which is just between that obtained
by Eischen (1987) and that given by Menouillard et al. (2006).
Moreover, the relative errors of the SIFs for different b are all less
than 0.5% when the present results are compared with those given
by Eischen (1987) and Menouillard et al. (2006).
Second, Let us keep N1  N2 = 32  63 and consider the varia-
tion of Nrr. Let Nrr change from 1 to 12 to test the convergence.
The domain to compute interaction integral consists of two-layer
elements around the reﬁned mesh and all elements in it. As shown
in Fig. 9, the results show that as Nrr increases, the SIF correspond-
ing to each b converges towards a stable value which is just be-
tween those given by Eischen (1987) and Menouillard et al.
(2006) and the differences are extremely small (all within4; Eðx1Þ ¼ 2 tanhðbx1Þ; m ¼ 0:3; rðx1Þ ¼ eEðx1Þ; K0 ¼ eEð0:4Þ
ﬃﬃﬃﬃﬃﬃ
pa
p
; e ¼ 1Þ.
Eischen (1987) Menouillard et al. (2006)
64  127
2.1121 2.112 2.1118
2.2963 2.295 2.300
2.5733 2.571 2.586
3.2198 3.228 3.207
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Fig. 9. Normalized SIFs KI/K0 for different reﬁned mesh: (a) b = 0; (b) b = 5; (c) b = 10; (d) b = 50.
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Fig. 10. A nonhomogeneous material plate with a rectilinear crack AB: (a) geometry
and boundary conditions; (b) ﬁnite element mesh.
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to obtain stable and accurate results. Moreover, in present range
of b, it is enough to obtain convergent results when Nrr = 10. There-
fore, Nrr is chosen to be 10 for all examples in this paper.
6.2.2. Example 4: the convergence of the interaction integral
Fig. 10(a) shows a nonhomogeneous plate with an inclined
crack of length 2a and Fig. 10(b) shows the corresponding mesh
conﬁguration. In the plate, there is a bimaterial interface at x1 = 0
and the Young’s modulus is deﬁned as
Eðx1Þ ¼ E0e
bx1 ðx1 6 0Þ
2E0 ðx1 > 0Þ
	
ð45Þ
In Eq. (45), E0 is the modulus value at x1 = 0. Before discussing, we
deﬁne Htip to be the radial edge length of the elements at the crack
tip and RI to be the radius of the referenced circular contour CI by
which the integral domain is determined as shown in Fig. 11(a).
In detail, the integral domain consists of the elements cut by CI
and the elements surrounded by CI. Eight domains (RI/Htip =
3  (1,2,22,23,24,25,26,27)) are selected to verify the convergence
of the SIFs and for simplicity, only four of them are shown in
Fig. 11(a)–(d). Two cracks are investigated with crack tips located
at Að4:6;1Þ;Bð0:6;1Þ and Að3:4;1Þ;Bð0:6;1Þ, respectively.
The following data are used for numerical analysis: L = 60;
W = 20; E0 = 1; b = ln(10)/W; m = 0.3; r(x1) = r0 = 1; K0 ¼ r0
ﬃﬃﬃﬃﬃﬃ
pa
p
;
generalized plane strain. The mesh consists of 1969 Q8 and 24
T6qp elements, with a total of 1993 elements and 6082 nodes.
3.0
3.5
interface
Case 4
3720 H. Yu et al. / International Journal of Solids and Structures 46 (2009) 3710–3724Table 4 lists the normalized SIFs. It can be seen that the relative
error is about 0.1% between the maximal and minimal mode I SIFs
and 0.15% for the corresponding mode II SIFs. The results show that
the interaction integral exhibits excellent convergence. Therefore,
the interaction integral method is reliable for the material with
nonhomogeneous and discontinuous properties.
6.3. Inﬂuences of the material continuity on the SIFs
In this part, the inﬂuences of the material continuity on the SIFs
will be investigated by selecting four types of mechanical proper-
ties. The model shown in Fig. 10(a) is still adopted. The crack center
is located at Cðc;0Þ.
According to the continuity of mechanical properties and their
derivatives, we select four types of material properties as shown
in Fig. 12.
Case 1: The mechanical properties are discontinuous at x1 = 0.
The Young’s modulus is deﬁned in Eq. (45).(a)
(c)
inte
IR
tipH
IC
crack 
Fig. 11. Different integral domains surrounding the crack tip Bð0:6;1Þ: (a
Table 4
Normalized SIFs at crack tip B for different integral domains (Example 4).
Domain RI/Htip Að4:6;1Þ; Bð0:6;1Þ Að3:4;1Þ; Bð0:6;1Þ
KI(B)/K0 KII(B)/K0 KI(B)/K0 KII(B)/K0
1 3 0.86436 0.36487 1.58570 0.63464
2 32 0.86405 0.36470 1.58514 0.63435
3 322 0.86428 0.36456 1.58557 0.63408
4 323 0.86500 0.36467 1.58684 0.63428
5 324 0.86421 0.36481 1.58568 0.63467
6 325 0.86455 0.36437 1.58600 0.63373
7 326 0.86448 0.36455 1.58591 0.63404
8 327 0.86446 0.36453 1.58590 0.63403Case 2: The mechanical properties are continuous at x1 = 0, but
their derivatives are discontinuous. The Young’s modulus is de-
ﬁned as
Eðx1Þ ¼ E0e
bx1 ðx1 6 0Þ
E0 ðx1 > 0Þ
	
ð46Þ
Here, it should be noted that the Young’s modulus at the right side
of the plate is the constant term truncated from Taylor series of that
at the left side of the plate.
Case 3: The mechanical properties and their ﬁrst-order deriva-
tives are continuous at x1 = 0, but their high-order derivatives are
discontinuous. The Young’s modulus is deﬁned asinterface 
(b)
(d)
rface 
) RI/Htip = 3; (b) RI/Htip = 3  24; (c) RI/Htip = 3  25; (d) RI/Htip = 3  27.
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Fig. 12. Four types of material properties with different moduli.
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Fig. 13. Normalized mode-I SIFs vary with crack center 2c/W for four types of
material properties when 2a/W = 0.1 and h/p = 0: (a) at crack tip A; (b) at crack tip B.
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E0ebx1 ðx1 6 0Þ
E0ð1þ bx1Þ ðx1 > 0Þ
	
ð47ÞHere, the Young’s modulus at the right side of the plate is the ﬁrst-
order polynomial truncated from Taylor series of that at the left side
of the plate.
Case 4: The mechanical properties and their derivatives are con-
tinuous at x1 = 0. The Young’s modulus is deﬁned as
Eðx1Þ ¼ E0ebx1 ð48ÞFor all the cases, the Poisson’s ratio is constant. The following data
are used for numerical analysis: L = 60; W = 20; h/p = (0,1/6,1/3);
E0 = 1; b = ln(10)/W; m = 0.3; r0 = 1; K0 ¼ r0
ﬃﬃﬃﬃﬃﬃ
pa
p
; generalized plane
strain.
According to Swenson and Rau (1970), when the crack tip B (A)
terminates at the bimaterial interface, the stress singularity expo-
nent s in Eq. (38) is 0.4338 (0.5745) for Case 1. Although the mate-
rial elastic mismatch is not too large, we still restrict the distancefrom the crack tip to the interface to be more than 2.5% of the crack
length (RdP 0.025) in numerical calculations.
Fig. 13(a) and (b) shows that the normalized mode-I SIFs vary
with crack center coordinate 2c/W when 2a/W = 0.1 and h/p = 0.
The range 2c/W is from 0.5 to 0.5, which means the crack moves
from the center of left half plate to the center of right half plate. For
Case 1, it can be found that the normalized SIFs vary with the
increasing of 2c/W as follows: (1) when 2c/W < 0.1 and the crack
tip B is not very close to the interface, both KI(A)/K0 and KI(B)/K0
experience a slight increasing. (2) When the crack tip B is close
to the interface, KI(A)/K0 varies slightly, but KI(B)/K0 decreases ini-
tially to a minimum value when the crack tip B approaches the
interface (2c/W  0.1) and then, increases quickly after the crack
tip B passes the interface. (3) Between 0.1 6 2c/W 6 0.1 in which
the crack intersects the interface, the normalized SIFs vary dramat-
ically. It implies the material mismatch can affect the crack tip
ﬁelds greatly. (4) After the crack tip B passes the interface,
KI(A)/K0 increases very quickly to a peak value when the crack tip
A approaches the interface (2c/W  0.1). (5) After the crack tip A
passes the interface (2c/W > 0.1), both A and B lie in the same
material and the effect of material mismatch becomes slight so
that KI(A)/K0 and KI(B)/K0 decrease together. In brief, when the
crack tip passes the interface, the SIFs usually have great varia-
tions. The similar effects have been found by Erdogan and Gupta
(1975) when the crack tip approaches the interface of a circular
inclusion.
For Case 2, KI(A)/K0 (KI(B)/K0) increases initially with the
increasing of 2c/W, attain its maximum when 2c/W  0.1
(2c/W  0.1) and then, decreases with 2c/W when 2c/W > 0.1
(2c/W > 0.1). It implies that the SIFs have a kinking behavior at
the interface where the ﬁrst-order derivatives of the mechanical
properties are discontinuous. The same phenomenon has been ob-
served by Guo and Noda (2008).
For Case 3 and Case 4, the SIFs vary smoothly and KI(A)/K0
(KI(B)/K0) has no kinking behavior at 2c/W  0.1 (2c/W  0.1). In
comparison of the two cases, the magnitude and the varying trend
of the normalized SIFs are quite similar. Therefore, the continuity
of high-order derivatives of mechanical properties affects the SIFs
slightly.
From the above four cases, it can be found that the improve-
ment of the continuity of material properties can reduce the vary-
ing range of the SIFs and smooth their varying trends, especially for
Case 1 and Case 2. The larger the elastic modulus is in right half
plate, the smaller the SIFs are in left half plate. Therefore, the SIFs
for Case 3 and Case 4 are bigger than those for case 1 and smaller
than those for Case 2 in left half plate.
Figs. 14 and 15 show the mixed-mode SIFs variation with 2c/W
for the slanted angles h/p = 1/6 and h/p = 1/3, respectively.
Although there exist some differences in the magnitude of the
mode I and II SIFs, their varying trends are the same as those of
pure mode I crack shown in Fig. 13(a) and (b). These phenomena
indicate that the mode I and II SIFs are affected greatly by the
mechanical properties and their ﬁrst-order derivatives, while the
high-order derivatives have slight inﬂuence on the SIFs. The similar
effect has been observed by Li et al. (2006) for the interface crack.7. Summary and conclusions
In this paper, a new domain expression of the interaction inte-
gral is derived. This expression does not contain any derivatives of
material property parameters, and it is still valid even when the
integral domain contains material interfaces. The interaction inte-
gral method is combined with the XFEM. Several fracture examples
are adopted to verify the numerical precision. It is found that the
numerical results are in good agreement with those appearing in
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Fig. 14. Normalized SIFs vary with crack center 2c/W for four types of material properties when 2a/W = 0.1 and h/p = 1/6: (a) normalized mode-I SIFs at crack tip A; (b)
normalized mode-I SIFs at crack tip B. (c) normalized mode-II SIFs at crack tip A; (d) normalized mode-II SIFs at crack tip B.
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shows good convergence for nonhomogeneous and discontinuous
material properties.
In application of the present method, the inﬂuences of the
material continuity on mixed-mode SIFs are investigated. It can
be observed that: (1) The mechanical properties and their ﬁrst-or-
der derivatives affect the SIFs greatly, while their higher-order
derivatives have little inﬂuence on the SIFs. (2) When the mechan-
ical properties are discontinuous (Case 1), the SIFs vary dramati-
cally with crack location. (3) When the material properties are
continuous but their ﬁrst-order derivatives are discontinuous
(Case 2), the SIFs have a kinking behavior at the interface. (4) Fur-
ther improvement on the continuity (Case 3 and Case 4) can
smooth the variation trends of the SIFs and no kinking behavior
is observed at the interface.
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Appendix A
In the local polar coordinate system shown in Fig. 1, the auxil-
iary ﬁelds can be deﬁned as (Kim and Paulino, 2005)
uauxi ¼ KauxI f Ii ðr1=2; h;ltip;jtipÞ þ KauxII f IIi ðr1=2; h;ltip;jtipÞ ðA1Þ
rauxij ¼ KauxI gIijðr1=2; hÞ þ KauxII gIIijðr1=2; hÞ ðA2Þ
eauxij ¼ SijklðxÞrauxkl ði; j; k; l ¼ 1;2Þ ðA3ÞHere, KauxI and K
aux
II are the auxiliary mode I and II SIFs, respectively,
and the representative functions f Ii ; f
II
i ; g
I
ij and g
II
ij are (Williams,
1957)
f I1 ¼
1
2ltip
ﬃﬃﬃﬃﬃﬃ
r
2p
r
cos
h
2
jtip  1þ 2 sin2 h2
 
f II1 ¼
1
2ltip
ﬃﬃﬃﬃﬃﬃ
r
2p
r
sin
h
2
jtip þ 1þ 2 cos2 h2
 
f I2 ¼
1
2ltip
ﬃﬃﬃﬃﬃﬃ
r
2p
r
sin
h
2
jtip þ 1 2 cos2 h2
 
f II2 ¼ 
1
2ltip
ﬃﬃﬃﬃﬃﬃ
r
2p
r
cos
h
2
jtip  1 2 sin2 h2
 
ðA4Þ
gI11 ¼
1ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p cos h
2
1 sin h
2
sin
3h
2
 
gII11 ¼ 
1ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
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2
2þ cos h
2
cos
3h
2
 
gI22 ¼
1ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p cos h
2
1þ sin h
2
sin
3h
2
 
gII22 ¼
1ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p sin h
2
cos
h
2
cos
3h
2
gI12 ¼ gI21 ¼ gII22; gII12 ¼ gII21 ¼ gI11
ðA5Þ
Here, jtip = 3  4mtip for plane strain and jtip = (3  mtip)/(1 + mtip) for
plane stress, ltip and mtip are the shear modulus and the Poisson’s ra-
tio at crack tip location, respectively. It should be noted that except
at the crack tip (Kim and Paulino, 2003)
eauxij – u
aux
i;j þ uauxj:i
 
=2 ðA6Þ
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Fig. 15. Normalized SIFs intensity factors vary with crack center 2c/W for four types of material properties when 2a/W = 0.1 and h/p = 1/3: (a) normalized mode-I SIFs at crack
tip A; (b) normalized mode-I SIFs at crack tip B. (c) normalized mode-II SIFs at crack tip A; (d) normalized mode-II SIFs at crack tip B.
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The details regarding Eq. (32) are as follows
raux : ðes  erÞn1 ¼ raux : ½ðr
*
uÞs  ðr* uÞrÞn1
¼ rauxij eiej :
ek
hk
@ðulelÞ
@nk
 s
 @ðulelÞ
@nk
 r( )
n1
¼ rauxij ej 
dik
hk
@ðulelÞ
@nk
 s
 @ðulelÞ
@nk
 r( )
n1
¼ raux1j ej 
1
h1
@ðulelÞ
@n1
 s
 @ðulelÞ
@n1
 r( )
n1
þ raux2j ej 
1
h2
@ðulelÞ
@n2
 s
 @ðulelÞ
@n2
 r( )
n1
¼ e1  raux  1h1
@u
@n1
 s
 @u
@n1
 r( )
n1
þ e2  raux  1h2
@u
@n2
 s
 @u
@n2
 r( )
n1 ðB1Þ
Here, the underlined subscript k denotes no sum on k.
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